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LANDAU THEORY OF RIAXIAL NEMATIC LIQUID CRYSTALS 

D A V I D  bf. ALLENDER AND WICHAEL A. LEE 
Department o f  Phys ics and L i q u i d  C r y s t a l  I n s t i t u t e  
Kent S t a t e  U n i v e r s i t y  
Kent, Ohio 44242 

The o r i e n t a t i o n a l  o rder  o f  molecules i n  a l i q u i d  
c r y s t a l  i s  t r a d i t i o n a l l y  descr ibed by s p a t i a l  o r  
temporal averages o f  f u n c t i o n s  t h a t  a r e  quadra t ic  
i n  t h e  d i r e c t i o n  cos ines o f  molecular  axes w i t h  
respect  t o  l a b o r a t o r y  f i x e d  axes. The f r e e  energy 
d e s c r i b i n g  t h e  nematic phase must be independent 
o f  t h e  choice o f  coord ina te  systems and t h e r e f o r e  
r o t a t i o n a l l y  i n v a r i a n t  w i t h  respect  t o  bo th  labora-  
t o r y  and molecu la r  frames. 
b i a x i a l  and u n i a x i a l  nematics based on s i x  funda- 
mental i n v a r i a n t s  i s  developed which i s  p r o p e r l y  
r o t a t i o n a l l y  i n v a r i a n t .  Four p o s s i b l e  nematic 
phases, two u n i a x i a l  and two b i a x i a l  , r e s u l t .  NMR 
experiments should be a b l e  t o  i d e n t i f y  which o f  
these a c t u a l l y  occur i n  s p e c i f i c  mater ia ls .  

A Landau theory  f o r  

1. INTRODUCTION 

I n t e r e s t  i n  t h e  theory  o f  t h e  nematic l i q u i d  c r y s t a l  
phase has been s t i m u l a t e d  by t h e  r e c e n t  experimental 

d iscovery  o f  t h e  long-pred ic ted  b i a x i a l  nematic phase by 

Saupe and co-workers. y 2  

F r e i ~ e r , ~ ’ ~  A1 ben’ and S t r a l e y 6  had developed t h e o r i e s  

which suggested t h a t  such a phase should e x i s t .  
o f  Alben i n v o l v e d  a Landau theory  which extended t h e  

Near ly  t e n  years e a r l i e r ,  
5 

The work 

33 1 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
20

 2
0 

Fe
br

ua
ry

 2
01

3 



332 D.  W.  ALLENDER AND M .  A. LEE 

Landau theory o f  t h e  un iax ia l  nematic phase7’* wh i l e  t h e  

work o f  both F r e i s e r  and S t ra ley  genera l ized a micro- 

scopic s t a t i s t i c a l  mechanical mean f i e l d  theory f i r s t  

app l ied  t o  t h e  u n i a x i a l  nematic by Maier and Saupe. 9 

I n  t h i s  work a genera l ized Landau theory i s  given 

which shows t h a t  

symmetry, t he re  

u n i a x i a l  nematic 

d i s t i n c t  b i a x i a l  

o f  t h e  theory i s  

parameter. To i 

i f  t h e  cons t i t uen t  molecules have b i a x i a l  

ay ex i  s t  two microscopica l  l y  d i  s t i  nc t  

phases as we l l  as two mic roscop ica l l y  

nematic phases. Th is  essent ia l  r e s u l t  

a consequence o f  t h e  nature o f  the  order  

l u s t r a t e ,  a t y p i c a l  phase diagram i s  

presented which i s  der ived from t h e  r o t a t i o n a l l y  i n v a r i a n t  

Landau f r e e  energy. 

t heo r ies  mentioned above and s i m i l a r i t i e s  and d i f fe rences  

are  pointed out. 

Comparison i s  made w i t h  the  e a r l i e r  

2. THE ORDER PARAMETER 

The order  parameter t h a t  we use t o  descr 

t i o n a l  order  o f  nematic phases was f i r s t  

Saupe” and has been presented i n  d e t a i l  

It i s  t h e  tensor  

be t h e  or ien ta-  

discussed by 

by de Gennes. 7 

* *  * *  
S a p  = $3(Mi*Lu)(M.*L - 6ij6uB> 
1 J  J R  
* * 

where Mi and Lu are u n i t  vectors  d e f i n i n g  a r b i t r a r y  

mol ecul a r  and 1 aboratory  coord inate systems respec t ive ly ,  

and t h e  angular brackets  denote a thermal average. 

Although i t  i s  i n  general t o  be expected t h a t  a 

nematogenic molecule has a very low symmetry, we w i l l  

assume t h a t  a molecule may be e f f e c t i v e l y  t rea ted  as 
having e i t h e r  a DZh p o i n t  group symmetry o r  e l se  a h igher  
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LANDAU THEORY OF BIAXIAL NEMATIC LIQUID CRYSTALS 333 

symmetry. 
t h e  b i a x i a l  nemat ic phase b e i n g  s t u d i e d  has DZh symmetry 
w h i l e  t h e  u n i a x i a l  nemat ic has Dmh. 

t h e  o r d e r  parameter takes  i t s  s i m p l e s t  f o rm when t h e  r o t a -  

t i o n  a x i s  o f  t h e  m o l e c u l a r  p o i n t  group i s  t aken  as W z  
and t h e  r o t a t i o n  a x i s  o f  t h e  l a b o r a t o r y  p o i n t  group i s  
d e f i n e d  t o  be iz. Then SaP i s  non-zero o n l y  f o r  i=j and 

ij, 
a=B. I n  terms o f  S t r a l e y ' s  S,T,U, and V we have 

Fur thermore we may q u i t e  g e n e r a l l y  assume t h a t  

Under these  c o n d i t i o n s  

1 3 Sxx = $,S - ?T - $J + 3V] xx 2 

syy = 1 [ S  t -T 3 - +.I - 3V] 
xx 4 2 

1 3 3  Syy = $S + -T + -4 + 3VI  YY 2 2  

syy = ;[-s - 
zz 

1 3 szz = $4 - 4 3  2 
YY 

3 2 1  
7) where s = <- cos e - 

2 2  T = < s i n  0 cos2+> 
2 u = < s i n  cos2W 

1 2 v = <T( l+cos e)cos24 cos2$ - cose s i n 2 4  sin2+> 
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334 D.  W. ALLENDER AND M. A. LEE 

and $,8,$ are t h e  Eu le r  angles t h a t  r o t a t e  t h e  labora tory  

coord inate system i n t o  be ing co inc ident  w i t h  the  molecular 

s y s t em. 

are charac ter ized  by t h e  given o r i e n t a t i o n a l  order. 

The poss ib le  nematic phases are named as fo l l ows  and 

1)  U1: a un iax ia l  phase w i t h  on ly  SZO. 

2 )  U2: a u n i a x i a l  phase w i t h  on ly  S and U#O. 
3 )  B: a b i a x i a l  phase having on ly  S and TfO. 
4 )  B*: a b i a x i a l  phase w i t h  S,T,U,V#O. 

3. ROTATIONAL I N V A R I A N T S  AND THE LANDAU FREE ENERGY 

The f r e e  energy i s  a sca la r  and the re fo re  may be expanded 

as a power ser ies  i n  Sap  where a l l  poss ib le  cont rac t ions  

o f  t h e  tensor  i nd i ces  must be considered. It i s  we l l  

known t h a t  f o r  an order  parameter which i s  a second rank 

tensor  i n  a three-dimensional vector  space, t he re  a re  on ly  

th ree  independent cont rac t ions ,  o r  so-ca l l  ed fundamental 

i nva r ian ts .  A l l  o the r  cont rac t ions  can be expressed as 

simple polynomials i n  t h e  th ree  invar ian ts .  

i s  t race less ,  t he re  are on ly  two non-zero invar iants . )  
Th is  i s  a powerful statement and i t s  proof  i s  based on t h e  

Fundamental Theorem o f  Symmetric Functions, as was pointed 

ou t  by F r e i ~ e r . ~  However, t h e  order  parameter under con- 

s i d e r a t i o n  i s  not  a second rank tensor. We have been able 

t o  show t h a t  t he re  are s i x  independent i n v a r i a n t s  and the  

proo f  w i l l  be publ ished elsewhere. The f r e e  energy i s  a 

polynomial i n  these inva r ian ts .  

A t rans format ion  leads t o  a p a r t i c u l a r l y  yse fu l  

parameter izat ion o f  t h e  i n v a r i a n t s  and the  f r e e  energy. 

i j  

( I f  t h e  tensor  

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
20

 2
0 

Fe
br

ua
ry

 2
01

3 



LANDAU THEORY OF BIAXIAL NEMATIC LIQUID CRYSTALS 335 

S = r 1 C O s a  + r2 COSP 

43 - T = r sina t r sinB 2 1 2 

V = r cOsa - r2 COSB 1 

In terms o f  r l ,  r2, a ,  and B t h e  i n v a r i a n t s  a r e  

I, = (1 

2 2  I = r  + r 2  

I 

2 1  

3 3 
= rl cos(3a)  t r2 cos(3P)  3 

= r2-r' 
I4  1 2 

3 3 I 5  = r1 C O S ( ~ ~ )  - r2 c o s ( 3 ~ )  

I6 = rlr2 3 3  s i n ( 3 a ) s i n ( 3 ~ )  

Technica l ly  I4  and I5 a r e  not t o t a l l y  inva r i an t ,  b u t  must 
n, n, 

appear  only i n  combinations I 4  I I5  
i s  an even number. 

such t h a t  n l + n 2  

The r e s u l t i n g  free energy,  t o  s i x t h  order  i n  S i j  i s  
a@ ' 

F = A12 t B13 + C,12 2 + C214 2 + D11213 

t D ~ I ~ I ~  + E,12 3 + E21214 2 t E314 2 + E313 2 + E415 2 

t E516. 
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336 D. W. ALLENDER AND M. A. LEE 

As i s  usual f o r  a Landau theory,  we assume t h a t  A 

i s  l i n e a r  i n  temperature, namely A = Ao(T-To), wh i le  the  

remaining c o e f f i c i e n t s  a re  phenomenological mater ia l  

parameters. 

begun t o  examine t h e  poss ib le  phase diagrams. 

miz ing  F w i t h  respect  t o  rl, r2, a, and 8 ,  l e t t i n g  A and 

R vary w h i l e  choosing C1= -.6, C = 1, 0 = 2, D = -1.5, 
E = 2, E = 1, E = 3 f i ,  E = -fly and E5 = -4 the  phase 

diagram shown i n  F igure  1 was obtained. 

U2 o r  B* i s  f i r s t  order, wh i l e  t h e  U2 t o  B* t r a n s i t i o n  i s  

second order. 

Due t o  the  l a r g e  number o f  parameters we have on ly  

By min i -  

2 1 2 

1 2 2 4 

The t r a n s i t i o n  from t h e  i s o t r o p i c  ( I )  phase t o  e i t h e r  

4. D I S C U S S I O N  

The phase diagram o f  F igure  1 i s  markedly d i f f e r e n t  from 

those obtained by Fre iser ,  Alben, and Stra ley.  I n  p a r t i -  

c u l a r  we p r e d i c t  t h a t  a f i r s t  order  i s o t r o p i c  t o  b i a x i a l  

t r a n s i t i o n  can occur. It i s  no t  y e t  demonstrated whether 

our theory recovers Alben 's  phase diagram f o r  s u i t a b l e  

c o e f f i c i e n t s .  Nonetheless our r e s u l t s  have a c lose  

r e l a t i o n s h i p  t o  S t r a l e y ' s  work. 

we have c a l l e d  t h e  il 

phase. 

( c o e f f i c i e n t  Y )  i n  h i s  assumed f o r m  f o r  t h e  molecular 

i n t e r a c t i o n  t h a t  fo rces  a f i n i t e  U i f  S i s  non-zero. 

However t h e  Landau theory imp l i es  such a term i s  no t  f u l l y  

r o t a t i o n a l l y  i n v a r i a n t .  The quadrat ic  term i n  S,T,U, 

and V can on ly  come from i n v a r i a n t  I which does not con- 

t a i n  a term SIJ, i n  c o n t r a d i c t i o n  t o  S t r a l e y ' s  resu l t .  

He d i d  not  ob ta in  what 

phase, bu t  ins tead had the  Up 1 
Th is  occurred because o f  a p a r t i c u l a r  term 

2 

Alben's phase diagram has our U, phase bu t  does not  
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LANDAU THEORY OF BIAXIAL NEMATIC LIQUID CRYSTALS 331 

.4 

- ,4 

.1 a 2  e 3  

A 

FIGURE 1. A typical phase diagram for a system o f  biaxial 
mol ecul es. The choices o f  the phenomenol ogi c a l  
parameters are l isted in the text. 
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338 D. W. ALLENDER AND M. A. LEE 

have U2 because he used a second rank tensor  as t h e  order  

parameter. 

between t h e  U1 and U2 phases. 

r e g a r d i n g  B and R*.) 

experiments a r e  un ique ly  s u i t e d  t o  measuring t h e  para- 
meters S,T,U, and V t h a t  d i s t i n g u i s h  t h e  nematic phases. 

Evidence seems t o  i n d i c a t e  t h a t  no known u n i a x i a l  nematic 

i s  o f  t y p e  U1 b u t  i n  f a c t  always seems t o  be o f  t y p e  

1I2.’l It i s  unknown whether t h e  exper imenta l l y  observed 

b i a x i a l  nematics i n  l y o t r o p i c  systems’ are o f  t y p e  B o r  

R*. 

w i t h  m i x t u r e s  o f  d i f f e r e n t  shaoed c o n s t i t u e n t s  i n  o r d e r  

That f o r m u l a t i o n  does n o t  permi t  a d i s t i n c t i o n  

( S i m i l a r  statements apply  

NMR L a s t l y  we compare our  r e s u l t s  w i t h  experiment. 

It may a l s o  be necessary t o  develop a theory  d e a l i n g  

12,13 t o  descr ibe  these systems. 
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